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Dwarf spheroidal galaxies are among the most promising targets for indirect dark matter (DM)
searches in γ-rays. The γ-ray flux from DM annihilation in a dwarf spheroidal galaxy is propor-
tional to the J-factor of the source. The J-factor of a dwarf spheroidal galaxy is the line-of-sight
integral of the DM mass density squared times 〈σannvrel〉/(σannvrel)0, where σannvrel is the DM an-
nihilation cross-section times relative velocity vrel = |vrel|, angle brackets denote average over vrel,
and (σannvrel)0 is the vrel-independent part of σannvrel. If σannvrel is constant in vrel, J-factors only
depend on the DM space distribution in the source. However, if σannvrel varies with vrel, as in the
presence of DM self-interactions, J-factors also depend on the DM velocity distribution, and on
the strength and range of the DM self-interaction. Models for self-interacting DM are increasingly
important in the study of the small scale clustering of DM, and are compatible with current astro-
nomical and cosmological observations. Here we derive the J-factor of 20 dwarf spheroidal galaxies
from stellar kinematic data under the assumption of Yukawa DM self-interactions. J-factors are
derived through a profile Likelihood approach, assuming either NFW or cored DM profiles. We
also compare our results with J-factors derived assuming the same velocity for all DM particles in
the target galaxy. We find that this common approximation overestimates the J-factors by up to
one order of magnitude. J-factors for a sample of DM particle masses and self-interaction coupling
constants, as well as for NFW and cored density profiles, are provided electronically, ready to be
used in other projects.
I. INTRODUCTION
Increasingly accurate cosmological and astronomical
data indicate that the Universe is to a large extent
made of a non-luminous component called dark mat-
ter (DM) [1]. The nature of DM remains a mystery,
but indirect evidence points towards a new hypotheti-
cal particle as the prime candidate [2]. If DM is made
of Weakly Interacting Massive Particles (WIMPs) – the
leading paradigm in modern cosmology – it can pair
annihilate into Standard Model particles which can in
turn be observed with satellites or ground-based detec-
tors [3, 4]. This is the essence of an experimental tech-
nique known as DM indirect detection [5]. Different an-
nihilation products are currently searched for experimen-
tally, including electron-positron pairs, quark-antiquark
pairs, and pairs of gauge bosons, such as γ-ray pho-
tons. The γ-ray channel benefits from the geodesic mo-
tion of photons, which do not diffuse in the galactic
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magnetic field, in contrast to charged annihilation prod-
ucts [6]. Dwarf spheroidal galaxies (dSphs) are among
the most promising targets for indirect DM searches in
γ-rays [7]. Indeed, dSphs are DM dominated astrophys-
ical objects, a property implying a large signal to noise
ratio [8].
The flux of γ-ray photons from DM annihilation in
dSphs is proportional to the line-of-sight integral of the
annihilation rate Γγ ∝ ρ2χ〈σannvrel〉 [6], where ρχ is the
DM density along the line of sight, σann is the DM anni-
hilation cross-section, vrel = |vrel| is the DM-DM relative
speed, and angle brackets denote an average over the
three-dimensional DM-DM relative velocity distribution
Pr,rel(vrel) at a distance r from the centre of the dSph. If
σannvrel is independent of vrel, as for S-wave DM annihi-
lations [9], ρ2χ is the only term in Γγ which depends on
the line-of-sight coordinate s, since Pr,rel trivially disap-
pears integrating over vrel, e.g. [10]. This simplification
leads to the canonical definition of J-factor: the J-factor
of a dSph is the integral of ρ2χ along the line-of-sight and
over the angular size of the target galaxy. J-factors are
crucial in DM indirect detection, since the flux of γ-ray
photons from DM annihilation in dSphs is proportional
to J . Assuming σannvrel is independent of vrel, J-factors
have been computed for relatively large samples of dSphs,
e.g. [11–13]. One of the key aspects in this calculation
is the error propagation: from the velocity of individual
stars tracing the total gravitational potential and DM
distribution in the dSph to the J-factor [14]. In this con-
text, a profile likelihood approach has recently been pro-
posed in Ref. [15]. The advantage of this approach is that
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2it does not depend on priors, unlike previous Bayesian
analyses.
On the other hand, there exist many well-motivated
particles physics models where σannvrel varies with vrel,
and for which the flux of γ-ray photons from DM an-
nihilation in dSphs explicitly depends on Pr,rel. Exam-
ples include models where DM primarily annihilate via
P -wave [9] or resonant processes [16], or where DM self-
interacts, e.g. [17–22]. In the latter case, 〈σannvrel〉 is a
non trivial function of Pr,rel(vrel) [10, 23]. Consequently,
ρ2χ is not the only term depending on the line-of-sight co-
ordinate s in the annihilation rate Γγ . Accordingly, the
canonical definition of J-factor given above needs to be
generalised. In the case of, e.g., self-interacting DM, the
generalised J-factor of dSphs is the integral along the
line of sight, over the angular coordinates (θ, φ) of the
target galaxy, and over vrel of Pr,rel(vrel)S(vrel)ρ
2
χ(s, θ),
where the radial coordinate r(s) is a function of s,
and S(vrel) is a model-dependent particle physics input,
e.g. the Sommerfeld enhancement in the case of DM self-
interactions [24].
The aim of this work is to derive the generalised J-
factor, JS , of 20 dSphs from stellar kinematic data in the
case of self-interacting DM (S(vrel) 6= 1) [17–22]. Specifi-
cally, we consider a family of DM self-interactions which
in the non-relativistic limit is described by a Yukawa po-
tential [25]. DM-self interactions have recently been con-
sidered as one of the possible solutions to the ΛCDM
“small scale crisis”, e.g., [25, 26] – the mismatch between
observations on the scale of dwarf galaxies (or below)
and predictions for the clustering of DM based on DM
only N-body simulations. Although alternative explana-
tions exist, e.g., feedback from supernovae explosion in
hydrodynamical simulations [27, 28], DM self-interaction
cross-sections per unit DM particle mass of the order
of 10−24 cm2/GeV remain compatible with astronomical
and cosmological observations [29–33], and deserve fur-
ther exploration.
We determine JS and the associated statistical error
within the profile likelihood approach proposed in [15,
34]. Results are presented for NFW and cored DM pro-
files and for different combinations of particle physics pa-
rameters. We find significant differences between canon-
ical and generalised J-factors – up to several orders
of magnitude for all dSphs. We also compare our re-
sults with the common approximation made when cal-
culating γ-ray fluxes from DM annihilation in dSphs:
S(vrel) = S(v
∗), where v∗ is a reference velocity for DM
particles in dSphs. This approximation corresponds to
assigning to all DM particles in a dSph the same ref-
erence velocity. We find that this approximation leads
to overestimate JS , with errors as large as one order of
magnitude.
So far, only Ref. [35] has used stellar kinematic data to
obtain JS . Ref. [35] focuses of 4 dSphs, computes S(vrel)
within the Hulthe´n approximation, presents results for
NFW profiles, and does not rely on a profile likelihood
approach. Here we extend the analysis in [35] to 20 galax-
ies, computing S(vrel) numerically, presenting results for
NFW and cored DM profiles, and deriving JS and as-
sociated statistical error through a profile likelihood ap-
proach.
This work is organised as follows. In Sec. II we in-
troduce the generalised J-factor, JS . In Sec. III we de-
scribe our method to determine JS from stellar kinematic
data. Results are presented and discussed in Sec. IV. We
conclude in Sec. V.
II. γ-RAYS FROM THE ANNIHILATION OF
SELF-INTERACTING DM
A. γ-ray flux
The γ-ray flux from DM annihilation in dSphs can be
written as follows1
dΦγ
dEγ
=
1
8pi
dN
dEγ
∫
∆Ω
dΩ
∫
l.o.s.
ds
∫
d3vrelJ (s, θ,vrel) ,
(1)
where
J (s, θ,vrel) = n
2
χ(s, θ)Pr(s,θ),rel(vrel)σannvrel . (2)
In Eq. (1), dΩ = sinθdθdφ, where θ ∈ [0, θmax] and
φ ∈ [0, 2pi] are, respectively, the polar and azimuthal an-
gle of a spherical coordinate system with z-axis along the
line-of-sight, 2θmax is the angular diameter of the dSph,
and s is the line-of-sight coordinate. As already antici-
pated, Pr(s,θ),rel(vrel) is the three-dimensional DM-DM
relative velocity distribution at the radial distance from
the dSph r(s, θ) =
√
D2 + s2 − 2Ds cos θ, vrel = |vrel|,
and D is the distance from the observer to the centre of
the system. In Eq. (2), nχ = ρχ/mχ is the DM number
density, and mχ is the DM particle mass. Finally, σann
is the DM annihilation cross-section, dN/dEγ the differ-
ential γ-ray photon yield per DM pair annihilation, and
Eγ the photon energy.
B. Annihilation cross-section and Sommerfeld
enhancement
We calculate the cross-section σann assuming that DM
can pair annihilate into γ-ray photons, like ordinary
WIMPs. We also assume that DM is self-interacting [17–
22] and that in the non-relativistic limit DM self-
interactions are characterised by the attractive Yukawa
potential
V (ρ) = −αχ
ρ
e−mφρ , (3)
1 If the DM particle and anti-particle are distinct, as for Dirac
fermions, and equally abundant, Eq. (1) must include an addi-
tional factor 1/2.
3where ρ is the relative distance between two annihilating
DM particles, αχ is a positive coupling constant and mφ
is the mass of the particle that mediates the DM self-
interaction.
Let us denote by (σann)0 the DM annihilation cross-
section in the limit αχ = 0, when self-interactions are
negligible. For αχ 6= 0, σann 6= (σann)0, since the wave
function ψk describing the relative motion of the annihi-
lating DM particles is perturbed by the Yukawa interac-
tion in Eq. (3). Since the cross-section σann depends on
ψk quadratically [24],
σann = S(vrel)(σann)0 , (4)
where
S(vrel) = |ψk|2ρ=0 , (5)
and k = mχvrel/2. The velocity dependent factor S(vrel)
is also known as Sommerfeld enhancement [24]. We calcu-
late S(vrel) by numerically solving the radial Schro¨dinger
equation[
−1
ρ
d2
dρ2
ρ+
`(`+ 1)
ρ2
− k2 +mχV (ρ)
]
Rk`(ρ) = 0 , (6)
where Rk`(ρ) denotes the radial part of the wave function
ψk,
ψk(ρ,Θ) =
∞∑
`=0
i`(2`+ 1)eiδ`Rk`(ρ)P`(cos Θ) , (7)
Θ is the polar angle of a spherical coordinate system with
z-axis in the direction of the relative motion, and δ` are
phase shifts. We solve Eq. (6) imposing the boundary
conditions
lim
ρ→0
kρRk`(ρ) = 0 , (8)
lim
ρ→∞
kρRk`(ρ)
C` sin
(
kρ− 12pi`+ δ`
) = 1 . (9)
In Eq. (9), C` is a normalisation constant. In what fol-
lows, we focus on the case ` = 0, i.e. S-wave Sommerfeld
enhanced DM annihilation, so that S = |1/C0|2 [24]. No-
tice that in the numerical calculations it is convenient
to introduce the new variable χ(x) = kρRk0(ρ), with
x = αχmχρ. The function χ obeys the one-dimensional
equation
d2
dx2
χ(x) +
[
ε2v +U (x)
]
χ(x) = 0 , (10)
where
U (x) = − 1
x
e−εφx . (11)
Solutions to Eq. (10) only depend on the dimension-less
parameters
εv =
vrel
2αχ
, (12)
εφ =
mφ
αχmχ
. (13)
For further details on the numerical solution of Eq. (10),
we refer to [36, 37]. The Sommerfeld enhancement S
depends on εv and εφ as follows: a) For εφ  εv,
S ' pi/εv = 2piαχ/vrel (Coulomb limit); b) For εv  εφ
and εφ < 1, S ' 12/εφ = 12αχmX/mφ, unless εφ '
6/(pi2n2), n ∈ Z+, in which case S ' 4α2χ/(v2reln2); c)
Finally, for εφ  1 there is no Sommerfeld enhancement
and consequently S = 1.
C. Dark matter velocity distribution
The velocity distribution Pr,rel(vrel) in Eq. (1) can be
written as
Pr,rel(vrel) =
∫
d3vcmPr,pair(vcm,vrel) (14)
where
Pr,pair(vcm,vrel) =Pr(v1)Pr(v2)
=Pr(vcm + vrel/2)Pr(vcm − vrel/2) .
(15)
In the above equations, Pr is the DM single particle
velocity distribution at r, and vcm = (v1 + v2)/2 and
vrel = (v1 − v2) are the centre-of-mass and relative ve-
locities, respectively. Accordingly, v1 = vcm + vrel/2 and
v2 = vcm−vrel/2. Using spherical coordinates with z-axis
along the direction of vrel, and assuming isotropy forPr,
i.e. Pr(v1) =Pr(|v1|), Eq. (14) can be expressed as fol-
lows
Pr,rel(vrel) = 2pi
∫ ∞
0
dvcmv
2
cm
∫ +1
−1
dzPr(Vz+)Pr(Vz−)
(16)
where |v1| = Vz+ , |v2| = Vz− ,
V 2z± =
(
v2cm +
v2rel
4
± vcmvrelz
)
, (17)
and z = vcm · vrel/(vcmvrel), with vcm = |vcm| and vrel =
|vrel|. The vrel distribution, Pr,rel(vrel), is then simply
given by
Pr,rel(vrel) = 4piv
2
relPr,rel(vrel) , (18)
which follows from the isotropy of the single particle ve-
locity distribution, Pr.
Assuming spherical symmetry for ρχ in addition to
isotropy in the single particle velocity space, Pr can be
expressed as follows
Pr(v) =
1√
8pi2ρχ(r)
∫ ∞
Ψ−1(E(r,v))
dr√E(r, v)−Ψ(r) F (r) ,
(19)
where v = |v1| (or v = |v2|) and
F (r) =
[
dρχ
dr
d2Ψ
dr2
(
dΨ
dr
)−2
− d
2ρχ
dr2
(
dΨ
dr2
)−1]
. (20)
4In Eq. (20),Ψ(r) = Φ(∞) − Φ(r), while Φ(r) and
E(r, v) = (1/2)v2+Ψ(r) correspond to total gravitational
potential and relative energy at r, respectively. Here we
assume that only DM contributes to Ψ(r). Interestingly,
Eq. (19) represents the unique solution to the integral
equation
4pi
∫ ∞
0
dv v2Pr(v) = 1 , (21)
which simultaneously solves the Vlasov equation for the
DM phase-space density F (r, v) = ρχ(r)Pr(v), and
which is compatible with the Poisson equation linking
ρχ(r) to Φ(r). Eqs. (14) and (19) must be modified if
the distribution Pr is anisotropic. We will extend the
present analysis to anisotropic velocity distributions in a
future work.
As far as the DM mass density is concerned, we assume
the profile
ρχ(r) = ρ0
(r0
r
)γ [
1 +
(
r
r0
)α ] γ−βα
, (22)
and focus on the (α, β, γ) = (1, 3, 1) and (α, β, γ) =
(1, 3, 0) cases, corresponding to NFW [38] and cored
Zhao [39] profile, respectively.
D. Definition of generalised J− factor
If DM is self-interacting (i.e. S(vrel) 6= 1), Eq. (1) can
be written as
dΦγ
dEγ
=
1
8pi
dN
dEγ
(σann)0JS , (23)
where
JS =
∫
∆Ω
dΩ
∫
l.o.s.
ds
∫
d3vrel J˜ (s, θ,vrel) (24)
and
J˜ (s, θ,vrel) = n
2
χ(s, θ)Pr(s,θ),rel(vrel)S(vrel) .
(25)
Explicitly, the angular integration in Eq. (24) is per-
formed as follows∫
∆Ω
dΩ = 2pi
∫ 1
cosθmax
dcosθ , (26)
where for θmax we assume θmax = 0.5
◦. We will re-
fer to JS as generalised J-factor. With the definition in
Eq. (24), generalised and canonical J-factors coincide in
the S(vrel) → 1 limit, i.e. no self-interaction. As already
anticipated in Sec. I, the aim of this work is to derive the
generalised J-factor of 20 dSphs from stellar kinematic
data.
III. GENERALISED J-FACTORS FROM
STELLAR KINEMATIC DATA
A. Likelihood analysis
Our method to determine the JS of a dSph from stel-
lar kinematic data is based upon the likelihood function,
L [15]
− lnL = 1
2
N?∑
i=1
[
(vi − u)2
σ2i
+ ln
(
2piσ2i
)]
(27)
where the index i runs over the N? stars in the dSph, vi
is the line-of-sight velocity of the i-th star, and u is the
systemic velocity of the galaxy; we approximate the lat-
ter with the mean stellar velocity of the sample. A brief
review of the used kinematic data is postponed to end of
this section. The expected velocity dispersion at the stel-
lar projected distance to the galaxy centre Ri is taken to
be σ2i = ε
2
i + σ
2
los(Ri), where εi is a measurement uncer-
tainty, and, assuming isotropic stellar velocities, σ2los(R)
reads [40]
σ2los(R) =
2G
I(R)
∫ ∞
R
dr
r√
r2 −R2
∫ ∞
r
ds
ν?(s)M(s)
s2
.
(28)
In the above equation [40]
I(R) = 2
∫ ∞
R
dr
r√
r2 −R2 ν∗(r) (29)
is the surface brightness, and
M(s) = 4pi
∫ s
0
dr r2ρχ(r) (30)
is the DM mass enclosed in a sphere of radius s. For the
stellar density profile, ν∗, we use Eq. (22) with ρχ → ν?
and (α, β, γ) = (2, 5, 0) – the so-called Plummer pro-
file. In this case, r? and ρ? denote scale radius and den-
sity, respectively.
The likelihood in Eq. (27), L , depends on the stel-
lar kinematic data array X = (x1, . . . ,xN?), where
xi = (Ri, vi, εi). In principle, it also depends on four
input parameters: ρ0 and r0 for the DM component, and
ρ? and r? for the stellar component. However, ρ? cancels
in the ν?/I ratio in Eq. (27), and will not be consid-
ered further. In addition, the reference density ρ0 will
be replaced by the parameter v0 = r0
√
Gρ0. Summaris-
ing, our likelihood function takes the following form:
L = L (v0, r0, r?|X).
For each dSphs in our sample, we derive JS and the
associated statistical error through a profile likelihood
approach. The profile likelihood for JS is obtained from
L numerically, as described in the following. First, we
construct a grid in the (r0, v0) plane, and at each point
(r0, v0) of the grid maximise L over r?. We denote by
rˆ? the point of maximum likelihood, and introduce the
notation
L2D(v0, r0|X) = L (v0, r0, rˆ?|X) . (31)
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FIG. 1. 1σ, 2σ and 3σ confidence intervals in the (r0, v0) plane. Top panels refer to the Carina (left) and Sculptor (right)
dSphs, whereas bottom panels refer to the Sextans (left) and Fornax (right) dSphs. In the case of the Sculptor and Fornax
dSphs, we assume a NFW profile, whereas for the Carina and Sextans dSphs we assume a cored Zhao profile. These four dSphs
were chosen since they are characterised by a large number of stars for which kinematic data are available; see Tab. I. In all
cases we set εφ = 10
−4. Coloured contours are confidence intervals obtained from Eqs. (32) and (33) with L1D replaced by
L2D, and χ
2
1 replaced by χ
2
2, i.e. the chi-squared distribution for 2 degrees of freedom. In the four panels, a red cross represents
the best fit point in the (r0, v0) plane.
At each point of the (r0, v0) grid, we also calculate
JS . Importantly, a degeneracy between v0 and r0 implies
that different pairs of these parameters, and therefore
different values of L2D, can be associated with the same
JS . Next, we divide the JS-axis in bins. At the central
point of each bin, JcS , we associate the maximum value
that L2D can have when JS varies in that bin. Let us de-
note this maximum value of L2D by Lc. The function of
JcS , L1D(J
c
S |X) = Lc, is the discretised profile likelihood
of JS . Through interpolation, we obtain the profile likeli-
hood L1D(JS |X) at any JS . Analogously, L2D(v0, r0|X)
represent the two-dimensional profile likelihood in the
(r0, v0) plane.
The value of JS maximising L1D(JS |X), JˆS , is our es-
timate for the generalised J-factor. The error associated
with JˆS is computed numerically from the following test
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FIG. 2. Log-likelihood ratio, Eq. (32), as a function of JS ≡ log10[JS/(GeV2cm−5)] for the Carina (top left), Sculptor (top
right), Sextans (bottom left) and Fornax (bottom right) dSphs. In the figure, the left (right) panels refer to a cored (NFW) DM
profile. Coloured dashed lines correspond to 1σ, 2σ and 3σ confidence intervals obtained from Eqs. (32) and (33) as explained
in Sec. III. Triangles represent the best fit points for JS . In all cases, calculations are performed assuming αχ = 10−2 and
εφ = 10
−4.
statistic
q(JS) = −2 ln L1D(JS |X)
L1D(JˆS |X)
, (32)
which asymptotically obeys a χ21 distribution. An α%
confidence interval for JˆS is then obtained by solving for
∆q the equation
α =
∫ ∆q
0
dq χ21(q) , (33)
and imposing q(JS) ≤ ∆q. The kinematic data used in
this analysis were obtained through a series of surveys,
entailing bolometric and spectroscopic measurements of
the stellar population of dSphs (see [41–43] and refer-
ences therein for further information on dSphs kinematic
data acquisition). The former observations produced in-
formation on the luminosity distribution of the system,
which motivates the use of the Plummer profile. From
the latter, the position of every star, together with the
line-of-sight velocity and its uncertainty, are obtained.
Finally, using the coordinates of the estimated centre of
a dSph, the projected radial distance of every star can
be evaluated. Combining all information results in the
required data array X.
IV. RESULTS
In this section we calculate the best fit values for r0,
v0 and JS from the profile likelihoods L2D and L1D. We
perform this calculation for a sample of 20 dSphs (see,
e.g. Tab. I), and use methods and data described in the
previous section. Results are presented for selected values
of the parameters αχ, which determines εv, and εφ. The
parameter αχ is set to the reference value 10
−2, since
in the αχ  1 limit corrections to S due to DM bound
state formation are only important at resonance, i.e. for
εφ ' 6/(pi2n2), n ∈ Z+ [35]. Values of JS corresponding
to different choices of αχ can be obtained from the expres-
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FIG. 3. JS ≡ log10[JS/(GeV2cm−5)] as a function of εφ (αχ = 10−2) for the Carina (top left), Sculptor (top right), Sextans
(bottom left) and Fornax (bottom right) dSphs. The yellow line has been obtained using Eq. (14) and a DM velocity distri-
bution extracted from data as explained in Sec. II C, the blue line corresponds to generalised J-factors computed under the
approximation S(vrel) = S(v
∗), v∗ = 10−5 in natural units, according to which all DM particles in the dSph move with the
same velocity.
sions reported at the end of Sec. II B. For the εφ parame-
ter, we focus on the range [10−4, 102]. For εφ > 10−6α−1χ ,
constraints on the DM annihilation cross-section from
CMB data [44] are not strengthened by S 6= 1 [35].
Fig. 1 shows 1σ, 2σ and 3σ confidence intervals in the
(r0, v0) plane. Top panels refer to the Carina (left) and
Sculptor (right) dSphs, whereas bottom panels refer to
the Sextans (left) and Fornax (right) dSphs. These four
galaxies were chosen since they have a largeN? (see Tab. I
and Tab. II). In the case of the Sculptor and Fornax
dSphs, we assume a NFW profile, whereas for the Ca-
rina and Sextans dSphs we consider a cored profile. In
all cases we set εφ to the reference value εφ = 10
−4. Con-
fidence intervals are obtained from Eqs. (32) and (33)
withL1D replaced byL2D, and χ21 replaced by χ
2
2, where
χ22 is the chi-squared distribution for 2 degrees of free-
dom. In all panels, a red cross represents the best fit
point, whereas coloured contours correspond to the asso-
ciated two-dimensional confidence intervals. While in the
case of the Fornax dSph data can constrain r0 and v0 ef-
fectively, in the case of, e.g., the Carina dSph confidence
intervals cover a wide range of values for r0. Furthermore,
the best fit values that we find for r0 would in some cases
be excluded by numerical N-body simulations (in partic-
ular in the case of NFW profiles) [35]. However, in this
study we pursue a data driven approach, and therefore
do not impose constraints on r0 and v0 from N-body sim-
ulations.
Fig. 2 shows the log-likelihood ratio, Eq. (32), as a
function of JS ≡ log10[JS/(GeV2cm−5)] for the Ca-
rina (top left), Sculptor (top right), Sextans (bottom
left) and Fornax (bottom right) dSphs. In the figure,
the left (right) panels refer to a NFW (cored) DM pro-
file. Coloured dashed lines correspond to 1σ, 2σ and 3σ
confidence intervals obtained from Eqs. (32) and (33) as
explained in the previous section. For some of the found
likelihoods the obtained confidence intervals might not
correspond exactly to the number of standard deviations
reported in the legends, since the true distribution of q
could differ from a χ21 distribution. Finally, the trian-
gles in the four panels represent the best fit points for
JS . Best fit values for JS , for all dSphs considered here
8Galaxy N? J (cored) JS(v∗) (cored) JS (cored) J (NFW) JS(v∗) (NFW) JS (NFW)
Bootes I 14 19.34+0.38−2.07 23.17
+0.38
−2.07 21.65
+0.34
−0.92 17.95
+0.54
−0.74 21.79
+0.54
−0.74 21.13
+0.40
−0.48
Leo IV 17 16.46+1.75−0.61 20.29
+1.75
−0.61 19.89
+0.94
−0.45 16.89
+0.83
−0.92 20.73
+0.83
−0.92 20.46
+0.65
−0.78
Leo T 19 17.45+0.49−0.95 21.29
+0.49
−0.95 20.53
+0.34
−0.84 17.44
+0.43
−0.87 21.28
+0.43
−0.87 20.60
+0.37
−0.81
Bootes II 20 18.78+1.46−1.01 22.61
+1.46
−1.01 22.10
+1.00
−0.83 18.89
+1.20
−1.11 22.72
+1.20
−1.11 22.21
+1.16
−0.89
Ursa Major II 20 20.29+0.43−0.72 24.12
+0.43
−0.72 22.77
+0.29
−0.28 19.87
+0.27
−0.18 23.71
+0.27
−0.18 22.76
+0.25
−0.14
Canes Venatici II 25 18.53+0.35−0.74 22.36
+0.35
−0.74 21.23
+0.34
−0.50 18.49
+0.31
−0.70 22.32
+0.31
−0.70 21.27
+0.23
−0.46
Hercules 30 18.00+0.35−0.29 21.83
+0.35
−0.29 21.14
+0.28
−0.21 18.12
+0.27
−0.35 21.95
+0.27
−0.35 21.35
+0.22
−0.31
Ursa Major I 39 17.77+0.80−0.28 21.60
+0.80
−0.28 21.00
+0.59
−0.28 18.22
+0.95
−0.58 22.06
+0.95
−0.58 21.52
+0.66
−0.70
Willman 1 45 19.40+1.20−0.45 23.24
+1.20
−0.45 22.43
+0.62
−0.24 19.69
+0.31
−0.52 23.52
+0.31
−0.52 22.54
+0.29
−0.23
Coma Berenices 59 19.93+0.77−0.87 23.77
+0.77
−0.87 22.56
+0.36
−0.47 19.42
+0.28
−0.45 23.26
+0.28
−0.45 22.35
+0.21
−0.31
Segue 1 66 19.10+0.47−0.30 22.93
+0.47
−0.30 22.39
+0.28
−0.23 19.26
+0.48
−0.46 23.09
+0.48
−0.46 22.72
+0.42
−0.44
Ursa Minor 196 19.47+0.22−1.04 23.31
+0.22
−1.04 22.46
+0.18
−1.29 19.57
+0.08
−0.25 23.41
+0.08
−0.25 22.62
+0.06
−0.27
Canes Venatici I 214 17.88+0.19−0.99 21.72
+0.19
−0.99 20.91
+0.19
−0.99 18.01
+0.28
−0.29 21.84
+0.28
−0.29 21.11
+0.29
−0.25
Leo I 328 17.53+0.22−0.10 21.36
+0.22
−0.10 20.43
+0.25
−0.04 17.68
+0.23
−0.17 21.52
+0.23
−0.17 20.56
+0.29
−0.13
Draco 353 18.59+0.20−0.13 22.42
+0.20
−0.13 21.36
+0.30
−0.03 18.78
+0.21
−0.26 22.61
+0.21
−0.26 21.65
+0.23
−0.16
Sextans 424 18.52+0.19−0.29 22.35
+0.19
−0.29 21.58
+0.18
−0.29 18.73
+0.22
−0.19 22.57
+0.22
−0.19 21.86
+0.16
−0.18
Carina 758 17.68+0.44−0.07 21.51
+0.44
−0.07 20.74
+0.48
−0.03 17.71
+0.79
−0.02 21.54
+0.79
−0.02 20.84
+0.86
−0.02
Sculptor 1352 18.68+0.14−0.22 22.52
+0.14
−0.22 21.63
+0.15
−0.23 18.92
+0.10
−0.14 22.76
+0.10
−0.14 21.94
+0.12
−0.15
Sagittarius 1373 19.77+0.16−0.17 23.61
+0.16
−0.17 22.51
+0.16
−0.16 20.25
+0.09
−0.12 24.09
+0.09
−0.12 23.16
+0.09
−0.11
Fornax 2409 18.70+0.13−0.23 22.54
+0.13
−0.23 21.59
+0.11
−0.20 18.94
+0.08
−0.07 22.77
+0.08
−0.07 21.88
+0.12
−0.11
TABLE I. Table reporting canonical and generalised J-factors computed for the particle physics input parameters εφ = 10
−4
and αχ = 10
−2. For canonical J-factors, S = 1 and JS = J . This calculation has been performed for the 20 dSphs in the first
column, and for both NFW and cored Zhao DM profiles. Tables corresponding to different choices of particle physics inputs
are provided with the online version of this article as a supplementary material. Comparing generalised and canonical J-factors
in the tables, we find significant differences – up to several order of magnitudes in all cases e.g. three in the case of the Fornax
dSph. The table also shows the generalised J-factors computed under the approximation S(vrel) = S(v
∗), with v∗ = 10−5 in
natural units. In this case, JS = JS(v∗). We find that the S(vrel) = S(v∗) approximation overestimates JS by up to one order
of magnitude.
and for selected values of the αχ and εφ parameters, are
reported in Tabs. I and II. Additional tables correspond-
ing to different choices of εφ are provided with the online
version of this article as a supplementary material. In the
tables we also include our estimates for the canonical J-
factors. Comparing generalised and canonical J-factors,
we find significant differences – up to several order of
magnitudes in all cases e.g. three in the case of the For-
nax dSph.
We conclude this section by comparing our calcula-
tions with the results obtained assuming S(vrel) = S(v
∗),
where v∗ is a reference velocity for the DM particles in
the dSph, e.g. 10−5 in natural units. This is a common
approximation in the study of self-interacting DM. Fig. 3
shows JS as a function of εφ (αχ = 10−2) for the Carina
(top left), Sculptor (top right), Sextans (bottom left) and
Fornax (bottom right) dSphs. The yellow line has been
obtained using Eq. (14) and a DM velocity distribution
extracted from data, the blue line corresponds to the ap-
proximation S(vrel) = S(v
∗), according to which all DM
particles in the dSph move with the same velocity. We
find that the S(vrel) = S(v
∗) approximation overesti-
mates JS by up to one order of magnitude for small
εφ. This result highlights the importance of computing
JS properly accounting for the DM velocity distribution
in dSphs.
V. CONCLUSION
We derived the generalised J-factor, JS , of 20 dSphs
from stellar kinematic data in the case of self-interacting
DM. We focused on a family of DM self-interactions
described by a Yukawa potential in the non-relativistic
limit. We determined JS and associated statistical er-
ror within the profile likelihood approach proposed
in [15]. We performed our calculations for NFW and
cored DM profiles, and for different combinations of par-
ticle physics input parameters, i.e. αχ and εφ. We found
that canonical and generalised J-factors differ by up to
several orders of magnitude for all dSphs considered in
this study. We also compared our results with a com-
mon approximation made when calculating γ-ray fluxes
from dSphs, according to which all DM particles in dSphs
move with the same velocity. We found that this approxi-
mation overestimates JS , with errors as large as one order
9Galaxy N? J (cored) JS(v∗) (cored) JS (cored) J (NFW) JS(v∗) (NFW) JS (NFW)
Bootes I 14 19.34+0.38−2.07 21.23
+0.38
−2.07 21.19
+0.37
−2.03 17.95
+0.54
−0.74 19.85
+0.54
−0.74 19.84
+0.54
−0.75
Leo IV 17 16.46+1.75−0.61 18.35
+1.75
−0.61 18.35
+1.74
−0.61 16.89
+0.83
−0.92 18.79
+0.83
−0.92 18.79
+0.92
−0.92
Leo T 19 17.45+0.49−0.95 19.35
+0.49
−0.95 19.34
+0.49
−0.95 17.44
+0.43
−0.87 19.34
+0.43
−0.87 19.34
+0.49
−0.87
Bootes II 20 18.78+1.46−1.01 20.67
+1.46
−1.01 20.67
+1.44
−1.01 18.89
+1.20
−1.11 20.78
+1.20
−1.11 20.78
+1.19
−1.11
Ursa Major II 20 20.29+0.43−0.72 22.19
+0.43
−0.72 22.17
+0.40
−0.78 19.87
+0.27
−0.18 21.77
+0.27
−0.18 21.76
+0.26
−0.19
Canes Venatici II 25 18.53+0.35−0.74 20.42
+0.35
−0.74 20.42
+0.35
−0.73 18.49
+0.31
−0.70 20.38
+0.31
−0.70 20.37
+0.31
−0.69
Hercules 30 18.00+0.35−0.29 19.89
+0.35
−0.29 19.89
+0.35
−0.29 18.12
+0.27
−0.35 20.01
+0.27
−0.35 20.01
+0.26
−0.35
Ursa Major I 39 17.77+0.80−0.28 19.66
+0.80
−0.28 19.66
+0.80
−0.28 18.22
+0.95
−0.58 20.12
+0.95
−0.58 20.12
+0.95
−0.58
Willman 1 45 19.40+1.20−0.45 21.30
+1.20
−0.45 21.29
+1.19
−0.42 19.69
+0.31
−0.52 21.59
+0.31
−0.52 21.58
+0.30
−0.51
Coma Berenices 59 19.93+0.77−0.87 21.83
+0.77
−0.87 21.82
+0.74
−0.90 19.42
+0.28
−0.45 21.32
+0.28
−0.45 21.31
+0.28
−0.48
Segue 1 66 19.10+0.47−0.30 20.99
+0.47
−0.30 20.99
+0.46
−0.30 19.26
+0.48
−0.46 21.15
+0.48
−0.46 21.15
+0.47
−0.46
Ursa Minor 196 19.47+0.22−1.04 21.37
+0.22
−1.04 21.37
+0.19
−1.05 19.57
+0.08
−0.25 21.47
+0.08
−0.25 21.47
+0.08
−0.25
Canes Venatici I 214 17.88+0.19−0.99 19.78
+0.19
−0.99 19.77
+0.19
−0.99 18.01
+0.28
−0.29 19.90
+0.28
−0.29 19.90
+0.28
−0.22
Leo I 328 17.53+0.22−0.10 19.42
+0.22
−0.10 19.42
+0.22
−0.10 17.68
+0.23
−0.17 19.58
+0.23
−0.17 19.57
+0.22
−0.11
Draco 353 18.59+0.20−0.13 20.48
+0.20
−0.13 20.47
+0.23
−0.15 18.78
+0.21
−0.26 20.67
+0.20
−0.26 20.66
+0.21
−0.26
Sextans 424 18.52+0.19−0.29 20.41
+0.19
−0.29 20.41
+0.19
−0.29 18.73
+0.22
−0.19 20.63
+0.22
−0.19 20.63
+0.22
−0.19
Carina 758 17.68+0.44−0.07 19.58
+0.44
−0.07 19.57
+0.42
−0.05 17.71
+0.79
−0.02 19.60
+0.79
−0.02 19.60
+0.83
−0.02
Sculptor 1352 18.68+0.14−0.22 20.58
+0.14
−0.22 20.58
+0.14
−0.22 18.92
+0.10
−0.14 20.82
+0.10
−0.14 20.81
+0.10
−0.14
Sagittarius 1373 19.77+0.16−0.17 21.67
+0.16
−0.17 21.66
+0.16
−0.17 20.25
+0.09
−0.12 22.15
+0.09
−0.12 22.14
+0.11
−0.11
Fornax 2409 18.70+0.13−0.23 20.60
+0.13
−0.23 20.59
+0.13
−0.23 18.94
+0.08
−0.07 20.83
+0.08
−0.07 20.83
+0.08
−0.07
TABLE II. Same as for Tab. I, but now for εφ = 0.1.
of magnitude. This study shows that a detailed model
for the DM velocity distribution in dSphs is crucial in
the calculation of JS , and therefore in the experimental
analysis and theoretical interpretation of γ-ray searches
in dSphs.
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